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Gauge Invariance of the Euler-Lagrange Expressions

Ricardo J. Noriega'
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We prove, for a Lagrangian density L(g;; 47 ; A7), that the gauge invariance of
the Euler-Lagrange expressions E;(L) implies the existence of a gauge-invariant
scalar density L, such that EL(L)= E;(L,). We then prove the uniqueness of the
Yang-Mills field equations.

1. INTRODUCTION
The Yang-Mills equations for a gauge field
BogFPY; (1)
where
Fy=Afi— Ai;+ Ch, AT 4] 2)

A% are the gauge potentials of a connection in a principal fiber bundle, and
Cj%, are the structure constants [see Kobayashi and Nomizu (1963) and
Noriega and Schifini (1985) for definitions and notations; see also Bleecker
(1981)], can be obtained through the use of a variational principle as follows.
For

L=L(gy; A7; Af; (3)

the Euler-Lagrange expressions are

p=2- 2 (L] @
047  0x'\oAY;
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If we consider
Lo=B.sF*'F% (5)

then EL(L)=0 is equivalent to (1).
The equations (1) are gauge invariant, i.e., they do not change for
another choice of gauge because of the transformation law

F'*);=(Adj - y " HFP;

for a change of gauge w. Also, L, is gauge invariant, but while the gauge
invariance of the field equations is mandatory, it is not so for the Lagrangian,
because it usually has no physical meaning.

In this paper we study how the gauge invariance of the Fuler-Lagrange
expressions E.(L) affects the possible gauge invariance of the Lagrangian
L. In particular, we prove that, under the hypothesis of E.(L) being gauge
invariant for some Lagrangian density L of the type (3), there exists a gauge-
invariant Lagrangian density L, such that EJ(L)=E.L(L,). This restricts
severely the possible field equations, and we will see that the complete set of
field equations leads to Yang-Mills equations, thus proving its uniqueness.

In a previous paper (Lopez et al., 1989) this same result was obtained
under the additional hypothesis of the gauge invariance of the contribution
to the energy-momentum tensor given by L, i.e., 0L/0gy, in the context of
a minimal coupling with gravitation. Since the difficulties of making general
relativity and quantum theory compatible are well known, it seems desirable
to obtain the above-mentioned uniqueness of the Yang-Mills equations
without any reference to gravitation, and this is what we achieve in this

paper.

2. THE SEARCH FOR AN EQUIVALENT
GAUGE-INVARIANT LAGRANGIAN

The Euler-Lagrange expressions, written out in full, are
Eo(L)= Lo = L BAL = L5 ALy = L gue, (6)

where a comma denotes partial differentiation, L. denotes dL/0A%, Ly =
0L/0A%;, and L™ =0L/égu..

Differentiating (6) with respect to gi;, we obtain that Ly is a gauge-
invariant tensorial density. By the replacement theorem (Horndeski, 1981)

L™ (g1 AP ALY = L™ (8,53 0; =3 F (7)
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If L5/** denotes the left-hand side of (7) and LY**(g; 0; —3 F) denotes
the right-hand side, then we deduce from (7)

(LY~ Li/(g;0; —3F))™=0

and so LY —LY(g;0; —3F) is a tensorial density that depends only on 49
and A47;. Such tensorial densities are known (Calvo et al., to appear), and
so

L= Li(g;0; —3F) = dups™ AP+ dup, ™ 45 A} (8)

Computing at 47=0, A7;=—3F%, we obtain from (8) that 0=d,ze”*Ff.
Then d,5=0 and we have

LY —L(g:0; —3F) = d,p, " 47 4] ©)

We will prove that L is skew-symmetric in i, j. First we differentiate (9)
with respect to 4f; and we obtain

LE* S LS %(g; 0; —3F) — L5 (g; 0, =3 F)]1=0

Then L/%* is skew-symmetric in A, k. From commutativity of partial
derivatives, it follows that it is skew-symmetric in i, j, too. Then

(L + LY =0

and so LY+ % does not depend of Af,. Let Hi=LY+L}, ie, Hi=
HY(g; AF). From (9) we have

Hi=Hi(g:;0)=a,/g¢"
where g, are real numbers. But then
Ly =YL - L) +3a. /g 8"
and so
Ly =3 (L™~ L") + a0 /g 878"
~a, /2 (g"g" +g" g™
=L"*(g; 0; —1F) +1a. /g (878" —g"g" ~g"¢")
= L™(g; 0; —31F)¢ +[ap /g AL(e"e" ~ 8"8" ~£"e "
Then
L*=L%(g;0; —1F) + a5 /g AP(g"d" ~ g™ ~&™¢™)
+T"(gy: A7)
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We deduce that

T"(gy; A7) +ap /g AL(°S* ~g"g* —g"¢™)
is a tensorial density. Hence, for a change of coordinates &' = %'(x’),
T"™(B!BJ'gim; AAT) +ag /g BAAS, A" A5(BEAL + BYBIAL )
x (g"g"—g"¢" — "™
= BA AT (gm; A7)
tap Sz AL~ g~ g8 (10)

where B{=0x'/0x", A5=0%°/0x™, BS=05"x"/0%" 0%°, and B=det(B}).
Differentiating (10) with respect to Bj. and evaluating at Bj= 63, we
have

g AL (g g~ g"g* — g g™

Contracting with gs.gum, we find

gAP(16—4-4)=0, or az /g Af=0 (11)
and finally, differentiating (11) with respect to 4%, we obtain a,=0. Then
LyY=-L% (12)

Let

P=P(gy; F§)=L(g;;0; —5F;
Then, by (12)
oP
OF:

The last identity implies that P%”* is gauge invariant. Let us consider,
for aeG (the Lie group of the principal fiber bundie)

P™(gy; Adj(a™ YF)) — P*(gy; F§ (14)
Differentiating (14) with respect to F#, we obtain
PV AdG(a™ )y — P =0

~3Li/(g; 0;~1F) = Pl= 13

because of the gauge invariance of P, Then

P*(gy; Adg(a™VF5) — P*(gu; F2)=c(a) /2 &™* (15)

Since the right-hand side of (15) does not depend on Fj;, we evaluate
at Fj;=0 to obtain c¢(a)=0. Then P is gauge invariant.
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Now, from (9) we deduce
L-P=H+K (16)
where |
H=d,z,e™ALAP AL,  K=K(gy; A;)

From Theorem 1 in Lopez et al. (1989) we know that P can be written
as

P=L1+H1 (17)
where L, is gauge invariant and H,=H,(A7; A7)). But then
L=L1+H+H1+K=L1+H2+K

It is easy to see that E;(H»)(0; —3F;)=0 (Calvo et al., to appear). The
gauge invariance of E,(L,) follows from the gauge invariance of L,. Since
the same is true for E,(L), then El(H,+K) is gauge invariant. Then, since
K, (g;;0)=0 (Noriega and Schifini, 1985), we have
Eu(Hy+ K)=Eo(H+K) (g5 0; =3 F)
=0+ Ko(gy;0)=0

Then L, is the Lagrangian we were looking for. We have proved:

Theorem 1. 1f L=L(gy;; Af; A¢;) is a scalar density such that EL(L) is

gauge invariant, then there exists a gauge-invariant scalar density L; such
that E (L) =E,(Ly).

3. THE UNIQUENESS OF THE YANG-MILLS EQUATIONS

We turn now to the problem of defining the field equations for a
Lagrangian L(gy; F;). One could consider the complete set of Yang-Mills
equations as

B, FP=0 (18)
*Fel| =0 (19)
where *F*/ =g 12" F2  For L,, these could be generalized to
EL(L)=0 (20)
*Li1=0 (21

Now, in the deduction in Lopez et al. (1989) we need L* and EX(L,)
to be gauge-invariant tensorial densities. Here this is true because L, is a
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gauge-invariant scalar density. Then (20) and (21) are (1) and (19) following
the proof in Lopez et al. (1989). We deduce:

Theorem 2. If EL(L) is gauge invariant for a scalar density L=
L(gy; A7; A7), then the set of equations E;(L)=0 and *L7/|;=0 implies
B,pF"¥,=0 (Yang-Mills equations) and the identity B,z *F*Y|;=0.
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